This paper is concerned with the airway closure problem and investigates the quasi-steady deformation characteristics of strongly collapsed (buckled) airways which are occluded by liquid bridges of high surface tension. The airway wall is modelled as a thin-walled elastic shell which deforms in response to an external pressure and to the compression due to the surface tension of the liquid bridge. The governing equations are solved numerically using physiological parameter values. It is shown that axisymmetric con gurations are statically unstable, as are buckled tubes whose opposite walls are not in contact. The quasi-steady deformation characteristics of strongly collapsed airways whose walls are in opposite wall contact show a pronounced hysteresis during the collapse/reopening cycle. Buckling is shown to occur over a short axial length with moderate circumferential wavenumbers. Finally, further implications of the results for the airway collapse/reopening problem are discussed.
Introduction
The thin liquid lm that lines the airways of the lung can undergo a surface-tension-driven uidelastic instability, leading to the formation of liquid bridges across the airway lumen. Evidence for the resulting`airway closure' has been observed directly (Macklem et al. 1970 and Hughes et al. 1970 ) and indirectly (Burger & Macklem 1968 and Otis et al. 1996) in experiments on excised animal lungs. Airway closure tends to occur in the smaller airways in the region of the terminal and respiratory bronchioli (Grotberg 1994) and towards the end of expiration when the airway diameters are smallest. This susceptiblity to airway closure is enhanced by diseases which increase the volume of uid in the lungs (e.g. pulmonary oedema), reduce the structural sti ness of the airways (e.g. emphysema) or increase the surface tension of the liquid lining (e.g. the potentially life-threatening respiratory distress syndrome, frequently experienced by premature neonates). Airway closure is also assumed to contribute to the observed hysteresis in the lung's pressure volume curve (West 1995) . Kamm & Schroter (1989) introduced the concepts of` lm collapse' (airway closure caused by the formation of occluding liquid bridges in an essentially rigid tube) and of`compliant collapse' (airway closure caused by the surface-tension-dominated compression of the airway walls). Both mechanisms are believed to be important and their interaction was studied by Halpern & Grotberg (1992 , 1993 , who used a conceptually simple model problem to investigate the liquid bridge formation in an elastic tube. Starting from an initial state in which a uniform liquid lm lines a uniform axisymmetric airway, they computed the coupled time-dependent axisymmetric wall and air-liquid interface deformation which follows the initial Rayleigh instability of the liquid lining. They followed the evolution until shortly before the radius of the air-liquid interface approached zero and established that wall elasticity is an important factor in the airway closure problem. The computations predicted axisymmetric wall deformations of up to 20 % of the tube's initial radius. This raises the question of the system's stability to non-axisymmetric perturbations, since thin-walled cylindrical tubes tend to buckle non-axisymmetrically when subjected to strong compressive forces. Motivated by this question, Heil (1998) studied the existence and stability of static liquid bridges in axisymmetric and non-axisymmetrically buckled elastic tubes. The study showed that for physiological parameter values, the axisymmetric con guration is indeed statically unstable and that the compressive load exerted by the liquid bridge on the tube wall is su cient to induce the tube's buckling. Two possible mechanisms for the formation of occluding liquid bridges in non-axisymmetrically buckled tubes were postulated: In mechanism A, the tube buckles after an axisymmetric liquid bridge has been formed { in this case, a relatively large volume of uid is required to occlude the airway. In mechanism B, the tube buckles during the initial stages of the axisymmetric instability of the liquid lining, i.e. before an occluding axisymmetric liquid bridge has been formed { in this case, the minimum volume of uid required to form an occluding liquid bridge can be signi cantly smaller.
Heil's (1998) study was restricted to two-lobed buckling modes and to wall shapes without opposite wall contact. However, the stability analysis showed that for physiological values of the parameters, all buckled con gurations without opposite wall contact are statically unstable, indicating that only even more strongly collapsed con gurations in which the opposing walls have come into contact would be physically realisable.
The present paper is concerned with the quasi-steady deformation characteristics of strongly collapsed elastic tubes which contain liquid bridges of physiologically realistic, high surface tension. It is shown that the static instability of partially collapsed tubes gives rise to hysteresis in the re-opening of the collapsed and occluded airways (which will contribute to the hysteresis in the lung's pressure volume curve) and that high surface tension can lead to buckling deformations with higher circumferential wavenumbers.
The Model
Following Heil (1998) 
where f = f =K is the non-dimensional traction per unit area of the undeformed midplane and l represents a line force (a force per unit length acting along the line S on the inside of the tube). and are the non-dimensional strain and bending tensors, respectively and E = E =E is the dimensionless plane stress sti ness tensor. The summation convention is used and all Greek indices range from 1 to 2. A more detailed discussion of the shell theory can be found in Heil (1998 ) or Wempner (1973 .
Estimates of the Bond number in the small airways (Kamm & Schroter 1989) show that gravity is not important in the problem. Therefore, the two air-liquid interfaces which enclose the liquid bridge are surfaces of constant mean curvature , which meet the tube wall at a constant contact angle along a contact line whose position has to be determined as part of the solution. We will assume that the contact line can be parametrised in the form 
Note that we have set the reference pressure in the air-lled parts of the tube to zero relative to the external pressure. The line force l in the variational equation (1) is given by the normal 
The lengths of the lung's airways between successive bifurcations is relatively small but for simplicity we will ignore the e ects of the bifurcations on the airway deformation. As in Heil (1998), we apply periodic boundary conditions for the wall deformation and set the axial wavelength, , to a relatively large value ( =R 0 = 20) in order to minimise the direct e ect of the boundary conditions on the interaction between the liquid bridge and the wall deformation. We set Poisson's ratio to = 0:49 to model the nearly incompressible behaviour of biological tissue and choose a wall thickness of h=R 0 = 1=20 which approaches the upper limit of applicability of thin shell theory. Physiologically, the contact angle can be expected to be small (or even zero) but as explained in Heil (1998) , the case = 0 cannot be studied with the present computational approach. However, it was shown in Heil (1998) that variations in the contact angle only have a small e ect on the overall behaviour of the system. For the purpose of the present study we (somewhat arbitrarily) set the contact angle to = 10 0 . We also prescribe the dimensionless volume of uid, V = V =R 3 0 , in the liquid bridge. Di erent values of the surface tension and liquid bridge volume V will be considered in the computations.
These boundary conditions fully specify the problem which was solved numerically by employing nite element discretisations for the wall displacement eld, the meniscus shape and the contact line position. Details of the implementation and code validation can be found in Heil (1998) . The wall contact problem was implemented by a penalty method (see e.g. Zhong & Mackerle 1992) in which the penalty constant was chosen such that the maximum penetration of the opposite walls was kept below O(10 ?3 ).
Results

Two-lobed collapse
Let us rst consider the deformation of an airway in which an occluding axisymmetric liquid bridge has been formed via the mechanism investigated by Halpern & Grotberg (1992 , 1993 . The liquid bridge exerts a compressive load on the wetted part of the tube wall and the axisymmetric con guration becomes statically unstable when the external pressure is increased beyond a certain critical level. Following the loss of stability the tube buckles non-axisymmetrically and the volume of uid contained in the liquid bridge is spread out axially. This is illustrated in Fig. 2 , which shows a sequence of increasingly collapsed tubes, containing a single liquid bridge of non-dimensional surface tension = 6. The liquid bridge volume V was chosen such that it is just su cient to occlude the airway in the undeformed axisymmetric state (V = V (ax:) = 1:87 for = 10 0 ). For these parameter values the axisymmetric con guration rst becomes unstable to perturbations with N = 2 circumferential waves, leading to a two-lobed collapse. The tube's deformation is symmetric about the plane z = 0, therefore in Fig. 2 the tube was cut in the plane of symmetry and only one half of the tube and one meniscus are shown. As the tube's collapse increases, the shape of the most strongly collapsed cross section changes from elliptical to dumbbell shaped (Fig. 2a) . In Fig. 2b , the tube is so strongly collapsed that opposite wall contact occurs for the rst time (in point contact on the tube's centreline). A further increase in collapse establishes opposite wall contact over an increasing length of the tube. The corresponding reduction in lumen forces the air-liquid interface to move far along the tube since the volume of uid contained in the liquid bridge has to be conserved. Away from the meniscus, the tube quickly reopens to its original axisymmetric shape. This allows the strongly collapsed tube to be subdivided into three main regions which are distinguished by their local degree of collapse (I: uniformly in ated, II: transition, III: uniformly collapsed; see Fig. 2d ). The transition region II over which the tube reopens has an axial length of a few tube radii.
In Fig. 3 the corresponding deformation characteristics are illustrated by plotting the tube's cross sectional area in the plane of symmetry, A min , versus the external pressure. Di erent curves correspond to di erent liquid bridge volumes V. Let us rst consider the case V = V (ax:) , which was illustrated in Fig. 2 . For large negative values of the external pressure, the tube is in ated throughout its length and deforms axisymmetrically. Axisymmetric deformations are accompanied by circumferential stretching of the tube wall and in this mode the tube is very sti : Large changes in external pressure are required to change the tube's cross sectional area. This manifests itself in the small negative slope of the nearly straight line which corresponds to the axisymmetric state. As the external pressure is increased, the tube rst becomes compressed in the region which is wetted by the liquid bridge and for p ext = p (coll:) ext = 1:28 the compression is so strong that the axisymmetric state becomes unstable. The tube's initial post-buckling deformation is described by the backward facing curve which emanates from the buckling point. The fact that the curve is backward facing re ects the static instability of the partially collapsed con guration, as discussed in detail in Heil (1998) . In this unstable regime, a decrease in external pressure would be required to monotonically increase the tube's collapse. In an experiment, the loss of axisymmetric stability would be followed by a large (dynamic) jump into a strongly collapsed con guration with opposite wall contact. The occurrence of opposite wall contact is marked by a change in linestyle from solid to dotted. Fig. 3 shows that the occurrence of opposite wall contact rapidly increases the tube's sti ness to such an extent that the restoring . The dotted and solid lines represent con gurations with and without opposite wall contact, respectively. The dashed line corresponds to liquid bridges of zero thickness. elastic forces are su cient to stably balance the compressive load exerted by the liquid bridge: An increase in external pressure is required to further increase the tube's collapse.
Note that the static instability of the partially collapsed tubes gives rise to a pronounced hysteresis loop: If the strongly collapsed tube is reopened (by decreasing the external pressure) it will (dynamically) jump back into the axisymmetric con guration when the external pressure is reduced below p ext = p The constant volume constraint results in an increase in t B as A min is reduced. In a strongly collapsed tube, a large fraction of the liquid bridge volume is contained in the two outer lobes of the uniformly collapsed region III whose cross sectional area is given by A min . Hence, in this regime, t B varies approximately inversely with the cross sectional area A min and grows very rapidly with increasing collapse. As the meniscus moves further into the tube, the length of region III also increases and the apex of the wall contact region approaches the meniscus (see Fig. 2c ). This reduces the vertical width of the gap between the walls enclosing the meniscus and causes rapid growth of the meniscus curvature . For strongly collapsed tubes, becomes so large that the pressure jump over the meniscus, p = , provides the main contribution to the compressive load on the wetted part of the tube wall. This explains why only a relatively small increase in external pressure is required to achieve large changes in A min even in a regime in which large parts of the tube wall are in opposite wall contact and in which the tube has regained a very high sti ness. For instance, for V = 1=3 V (ax:) a reduction of the cross sectional area from A min = 0:231 to A min = 0:125 requires an increase in the total compressive load on the wetted part of the tube wall from jfj = 38:6 to jfj = 73:57. Fig. 3 shows that this achieved by a comparatively small increase in external pressure from p ext = ?3:00 to p ext = ?0:29.
The other curves in Figs. 3 and 4 illustrate the e ect of variations in liquid bridge volume V.
We will now discuss the e ect of such variations on the tube's stability and on the deformation characteristics of moderately and strongly collapsed tubes. Let us rst consider the stability of the axisymmetric con guration: An increase in uid volume increases the thickness t B of the liquid bridge (see Fig. 4a ). The corresponding increase in wetted wall area increases the compressive load on the axisymmetric tube, hence a smaller external pressure is required to induce buckling. Similarly, a reduction in liquid bridge volume would increase the buckling pressure. However, for V < V (ax:) , the uid volume is not su cient to form an occluding liquid bridge in the axisymmetric tube. Occluding liquid bridges of such small volume can only have been formed via mechanism B. As the tube is re-opened, the two air-liquid interfaces approach each other and come into contact at the position indicated by the dashed lines which represent states for which t B = 0. Further re-opening of the tube destroys the liquid bridge. The data points to the right of the dashed line in Fig. 3 correspond to hypothetical con gurations in which the two air-liquid interfaces intersect.
Figs. 5a,b illustrate the e ect of variations in V on the deformation of moderately collapsed tubes. For a given degree of collapse ( rst opposite wall contact) a reduction in V has two e ects.
First, the meniscus curvature increases (see also Fig. 4b ) since the meniscus moves closer to the most strongly collapsed cross section. Second, since the tube is wetted (and hence compressed) over a shorter length, the axial bending moments are increased. Figs. 5a,b show that this reduces the cross sectional area A min in the plane of symmetry. This can also be seen in . The small deviations near the left end of the domain correspond to weak end e ects which indicate that the wavelength of the periodic deformation was not long enough to eliminate the in uence of the boundary conditions completely.
As discussed above, in such strongly collapsed tubes the meniscus curvature has increased to such an extent that the compressive load on the wetted part of the tube is dominated by the pressure jump over the meniscus ( p = = 51:96 compared to p ext ?2). Hence, the curves A min (p ext ) in Fig. 3 all approach the same slope as the tube's collapse increases since the meniscus curvature becomes independent of V.
Three-lobed collapse
Thus far we have only considered tubes which collapse in a two-lobed mode. In Heil (1998) this was motivated by previous investigations into airway reopening (Gaver et al. 1990 ) in which the collapsed airways had been assumed to have buckled in this mode. The assumption of a two-lobed collapse is justi ed for liquid bridges of relatively low surface tension since the initial stages of their collapse are dominated by the external pressure, p ext , which is applied uniformly over the length of the tube. In this case, the entire length of the tube participates in the buckling and computational studies show that the axisymmetric state rst becomes unstable to non-axisymmetric perturbations with N = 2 circumferential waves when p ext is increased slowly.
As the surface tension is increased, the tube's compression becomes dominated by the load caused by the liquid bridge which only acts over a short axial length. Hence the fraction of the tube's length over which buckling occurs is reduced and the collapsing part of the tube behaves like a shorter tube which is supported between fairly sti supports (provided by the parts of the tube which do not participate in the buckling). It is well known that shorter cylindrical tubes buckle with higher circumferential wavenumbers (Yamaki 1984 ), therefore we might expect an increase in surface tension to result in an increase in the most unstable circumferential wavenumber.
Computational investigations con rm that this transition does indeed occur and an example of a tube collapsing in a three-lobed mode is shown in Fig. 7 . This tube contains a liquid bridge of non-dimensional surface tension = 25. For this surface tension, the axisymmetric con guration loses its stability to perturbations with N = 3 circumferential waves when p ext exceeds a value of p (coll:) ext = ?21:01 (see Fig. 8 ). Note that for such large surface tensions, buckling is initiated by the liquid bridge alone: when the tube buckles, the dry parts of the tube wall are still subject to a large positive transmural pressure.
The tube's deformation shows some features which are quite distinct from those seen in the two-lobed collapse in Fig. 2 , but fairly generic for all buckling modes with higher wavenumbers. First opposite wall contact occurs simultaneously at multiple points and the central part of the tube's cross section remains open throughout its deformation. The large wall curvature in the outer lobes makes the contact line`rise' more strongly than in the two-lobed case in which there was less circumferential variation of the axial contact line position. The large pressure jump over the meniscus (mainly caused by the larger surface tension) leads to sharp transition between the collapsed and in ated parts of the tube. The length of the transition region II is mainly determined by the axial extent of the meniscus.
As in the the two-lobed case, a three region pattern is formed when opposite wall contact is established over a su cient axial length of the tube. The tube's deformation characteristics in Fig. 8 show that after an initial moderate snap through, which follows the loss of axisymmetric stability, the larger bending moments generated in a three-lobed collapse are su cient to stabilise the tube in a moderately collapsed state without opposite wall contact. However, a further increase in external pressure (and collapse), increases the meniscus curvature (and hence the pressure jump over the meniscus) so rapidly that this moderately collapsed state also becomes unstable. This manifests itself in the limit point in the deformation characteristics at about ) renders the tube unstable: In an experiment it would dynamically collapse into a more strongly collapsed con guration with opposite wall contact.
The occurrence of opposite wall contact is again indicated by a change in linestyle and ). For both tubes opposite wall contact has just occured for the rst time. For the tube which contains the larger volume of uid (Fig. 5c) , the meniscus has already moved far from the plane of symmetry which is therefore virtually una ected by the circumferential variations in the contact line position. Conversely, in the tube with the smaller liquid bridge volume (Fig. 5d ) the contact line position has a noticeable e ect 
Discussion
We shall now discuss the implications and relevance of the above results for the airway closure problem. The most important parameter identi ed in the present study is the non-dimensional surface tension = =(R 0 K) which represents the ratio of the typical pressure jump over the meniscus to the tube's bending sti ness. Many of the parameters a ecting its value are only known approximately and a wide range of values has been used by di erent authors. Estimates for the airway's elastic modulus range from E = 6kP a (Halpern & Grotberg 1992 , 1993 ) to E = 20kP a (Hill et al. 1997) . The presence of surfactant can reduce the surface tension of an uncontaminated interface from 2 10 ?2 N=m to 1 10 ?2 N=m and less. A further important factor is the radius of the airways which depends on the exact location of the liquid bridge (Weibel & Gomez 1962) . For a thickness-to-radius ratio of h=R 0 = 1=10 (as in Halpern & Grotberg 1992 , 1993 { recent measurements by Riess et al. 1996 suggest somewhat larger values) these variations correspond to a range of non-dimensional surface tensions between = 6 (for R 0 = 0:75mm; E = 20kP a and = 1 10 ?2 N=m) to = 120 (for R 0 = 0:25mm; E = 6kP a and = 2 10 ?2 N=m). The values used in the above computations were chosen in the lower part of this range { mainly because larger values of would lead to pre-buckling deformations which are too large to justify the small strain assumption used in the constitutive model for the airway wall. Nevertheless, it is interesting to note that even for the most conservative estimate of , we found the axisymmetric con guration to be strongly unstable to non-axisymmetric perturbations.
We have only considered the system's response to quasi-steady changes in external pressure. This is only legitimate if the system adjusts itself to such changes over a timescale which is shorter than the duration of one breathing cycle. Hill et al.(1997) estimated the viscous timescale for the redistribution of the uid in a thin liquid lm inside an elastic tube to be O(0:1sec) and thus showed that a quasi-steady analysis is justi ed in their problem. We expect similar or even shorter timescales to apply to the viscous dynamics of liquid bridges in moderately collapsed tubes since the dimensions of liquid bridges are larger than those of the thin liquid lms considered in their study. However, in strongly collapsed tubes the ow resistance in the narrow outer lobes and in the squeeze lm that will develop between the two opposite walls when they approach each other will be signi cant. In this case the timescales required to reopen the collapsed tube could be drastically increased and the reopening process would be governed by mechanisms similar to those studied by Gaver et al. (1990) and Gaver et al. (1996) . While the quasi-steady analysis identi es the equilibrium states at either end of the snap-through closing and reopening, it cannot provide any insight into the complicated uid-structure interaction during the dynamic transition between these states. The most serious shortcoming of the present model presumably lies in the neglect of the parenchymal tethering which would contribute to the system's sti ness and which has previously been shown to play a role in the airway reopening problem (Yap et al. 1994) . In order to obtain a simple mechanical model we have only analysed liquid bridges in tubes whose length is larger than the typical distance between successive airway bifurcations. However, since the airway collapse was found to be restricted to a short axial length, we do not expect the results to be signi cantly a ected by a reduction of the tube's length or by the application of di erent boundary conditions for the tube's deformation.
Further computations which investigated the e ects of axial wall tension and of variations in the contact angle were performed but the results were not included in this paper since neither changed the results qualitatively. Increased axial tension had the two obvious e ects of (i) stabilising the axisymmetric state slightly and (ii) making the tube's deformation more smooth, resulting in an increase in the length of the transition region II.
We have shown that large surface tension leads to a strongly localised compression of the airways which favours a collapse with a higher number of circumferential waves. This is in agreement with observations (Hughes et al. 1970 ) which show that airway closure occurs over a relatively short axial length with a moderate number of circumferential waves. Note that this e ect is complementary to the increase in wavenumber caused by the presence of parenchymal tethering (Wang et al. 1983) .
The hysteresis in the deformation characteristics caused by the instability of the partially collapsed con gurations has interesting implications for observations made in the airway reopening studies by Burger & Macklem (1968) and Otis et al. (1996) . They (and other authors) found that the open airways close when subjected to a compressive (negative) transmural pressure but only reopen when the transmural pressure is increased to larger positive value. Burger & Macklem (1968) speculated that the positive re-opening pressure was required to overcome the compression caused by an occluding liquid bridge. They postulated a relatively large surface tension (of = 5 10 ?2 N=m) since they assumed that the compression was generated by the pressure jump over two axisymmetric menisci. The results presented here suggest a slightly di erent explanation for the reported observations: If an axisymmetric liquid bridge has been formed in an airway (via mechanism A) then the subsequent non-axisymmetric collapse of the occluded airway increases the meniscus curvature signi cantly (see Fig. 4b ) and thus provides a much stronger compressive load than estimates based on the axisymmetric con gurations would suggest. Reopening of the collapsed airway (to an axisymmetric state) will then occur when the external pressure has been reduced to p (reop:) ext = (reop:) . Since (reop:) is several times larger than the meniscus curvature in an axisymmetric tube, Burger & Macklem's (1968) observations can be explained with more realistic values for the surface tension.
In this context it should also be noted that reopening to an axisymmetric state is not equivalent to the removal of the occlusion as is tacitly implied in Burger & Macklem's (1968) argument. Even if the airway was axisymmetric, an occluding liquid bridge would persist even for p ext > . The liquid bridge would only be destroyed if the airway was in ated to such an extent that the constant volume constraint forced the two menisci which enclose the liquid bridge to come into contact. Only occluding liquid bridges which were formed via mechanism B and whose volume is smaller than the volume required to form an occluding liquid bridge in the axisymmetric tube, are destroyed by the sudden reopening that occurs when p ext < p (reop:) ext .
Summary
We have studied the quasi-steady deformation characteristics of strongly buckled elastic tubes which contain a liquid bridge of large non-dimensional surface tension and interpreted the results in the context of the airway closure problem. We showed that the instability of the partially collapsed con gurations (without opposite wall contact) gives rise to a pronounced hysteresis loop in a collapse/reopening cycle. Thus, we have identi ed a new mechanism which contributes to the hysteresis in the lung's pressure volume curve. It was shown that for physiological parameter values, buckling will occur over a short axial length and with a moderately large circumferential wavenumber. The mechanism for the increase in the circumferential wavenumber is complementary to the e ects of parenchymal tethering (which was neglected in this study) and is consistent with experimental observations of airway closure.
